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This paper shows how the rigorous critical state criterion enunciated
by Willard Gibbs can be used with a recently formulated two-parameter and

equation of state to obtain an analytical solution to the problem of pre-
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SCOPE

The critical state of multicomponent mixtures is im-
portant from both a theoretical and practical point of
view, and an ability to predict this condition is highly
desirable. Even though the rigorous thermodynamic cri-
terion for the critical state was enunciated by J. Willard
Gibbs (1928) one hundred years ago, no satisfactory ana-
lytical method for predicting the critical condition in
multicomponent systems based on this criterion has ever
been formulated. The object of the work undertaken in
this study was to develop a solution to the problem of
predicting the critical properties of defined multicom-
ponent mixtures from the rigorous thermodynamic method
together with a recently developed two-parameter equa-
tion of state.

The significance of the work is that it has the potential
of replacing the more cumbersome, often unreliable, and

sometimes inapplicable methods based on semiempirical
or empirical procedures or on conformal solution theory
with a method that is thermodynamically rigorous, gen-
erally applicable, and simple to use, Furthermore, the
proposed method for handling critical property calcula-
tions is internally consistent with calculations of all other
thermodynamic properties using the same equation of state.

Although the majority of the comparisons reported in
this work are limited to systems containing three or more
components, the method works equally well for binary
systems. Only one detailed comparison for a binary sys-
tem is included, because several previous workers have
used the thermodynamic criteria for binary cases (Joffe
and Zudkevitch, 1967; Spear et al., 1969; Hissong and
Kay, 1970).

CONCLUSIONS AND SIGNIFICANCE

Although previous workers (Spencer et al., 1973) have
stated recently that it is not practical to extend the meth-
ods for predicting the critical state using the minimum
Gibbs free energy criterion to multicomponent systems,
it has been concluded from the work undertaken in this
study that this is not the case. Use of the thermodynamic
criterion together with a simple two-parameter equation
of state has yielded results which are remarkably reliable
and relatively easy to obtain. One of the key factors in
the success of the method has been the use of an equa-
tion of state (Peng and Robinson, 1976) that predicts
the critical density of pure materials better than any
earlier models. :

Extensive testing of the program on ternary and all
available multicomponent mixtures has shown that the
method predicts critical temperatures with an absolute

Correspondence concerning this paper should be addressed to Donald
B. Robinson.
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error of about 1.319, and an arithmetic average error
of +1.149%,. It predicts critical pressures with an absolute
error of 2.339, and an arithmetic average error of
+0.139,. The thirty-two systems studied included those
containing from three to twelve components consisting of
paraffin hydrocarbons from methane through n-decane,
nitrogen, carbon dioxide, and/or hydrogen sulfide. The
range of critical pressures varied by a factor of 4.43 and
the range of critical temperatures by a factor of 2.88,

The principal significance of this work is that it pro-
vides a thermodynamically rigorous method for predicting
the critical properties of defined mixtures which is more
reliable, easier to use, and more generally applicable: than
any of the existing methods which are based on semi-
empirical or empirical correlations, or on conformal solu-
tion theory. It provides a method for the prediction of
the critical state for multicomponent hydrocarbon and
related mixtures that is internally consistent with the cal-
culation of all other thermodynamic properties of the sys-
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tem using the same equation of state. This feature has
many attractive advantages for the generalized computer

calculation of fluid properties required for process design
work.

The prediction of the true critical properties of a multi-
component system is an important aspect of the general
problem of predicting the overall phase behavior of the
system. The critical state is the unique condition about
which the liquid and vapor phases are defined, and hence
it has theoretical as well as practical significance. In hy-
drocarbon processing and producing operations, a knowl-
edge of the critical condition is of particular significance
because many of these operations take place under condi-
tions which are at or near the bubble point or upper dew
point regions and are frequently accompanied by isobaric
or isothermal retrograde phenomena. Fluid property pre-
dictions and design calculations in this region are often
the most difficult to make, and a knowledge of the precise
location of the critical point for the system under study is
of the utmost assistance.

From a theoretical point of view, the derivatives of
many of the thermodynamic and transport properties take
on a special signiicance as the critical state is approached.
In an empirical way the critical state has formed an inte-
gral part of many useful generalized correlations such as
those based on the theorem of corresponding states or the
convergence pressure concept in vapor-liquid equilibrium
calculations.

In many ways the characteristics of the critical state that
make it theoretically and practically significant are also the
characteristics that make it one of the more difficult con-
ditions to measure experimentally. The very fact that den-
sity differences between phases vanish, that the rate of
volume change with respect to pressure approaches in-
finity, or that infinitesimal temperature gradients can be
responsible for a transition from 100% liquid to 100%
vapor all make the critical condition one of the more diffi-
cult to measure or observe accurately. For obvious eco-
nomic reasons, it is a condition that cannot be obtained
by experiment in any practical way for the many systems
for which it is required. Consequently, many attempts
have been made to develop methods for predicting the
critical properties based on generalized empirical or semi-
empirical procedures.

Many of the earlier methods were essentially empirical
in nature and were aimed at predicting the critical proper-
ties of naturally occurring hydrocarbon systems. Among
the better known of these was the method of Kurata and
Katz (1942) for the critical properties of volatile hydro-
carbon mixtures and of Organick (1953) for complex hy-
drocarbon systems. Somewhat later, Davis et al. (1954)
modified the original Kurata-Katz procedure to make it
applicable to lighter natural gas systems. All of these pro-
cedures made use of graphical correlations with parameters
such as pseudo critical temperature and pressure, molal
average boiling point, weight average equivalent molecu-
lar weight, or weight average critical temperature. The
procedure of Davis et al. (1954) represented one of the
first attempts to make use of a fitted binary interaction
parameter to predict multicomponent fluid properties.

More recently, attempts to predict the critical properties
of mixtures have relied primarily on one of three ap-
proaches, namely, empirical procedures involving the use
of excess properties or fitted correction factors, the use of
conformal solution theory based on the concept that all
thermodynamic properties of mixtures can be evaluated
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from pure component properties if the components con-
form to certain postulates of statistical mechanics, or a
rigorous thermodynamic condition based on the second
and third partial derivatives of the molar Gibbs free en-
ergy with respect to composition.

Spencer et al. (1973) have presented a comprehensive
review of the first two of these three approaches. They did
not consider the classical thermodynamic approach be-
cause generalization to multicomponent systems was not
thought to be practical. Although the empirical corre-
lation method and the conformal solution theory method
are relatively simple and easy to apply, they are not
without significant limitations.

To illustrate some of these, the consequences of using
the empirical correlation method of Chueh and Prausnitz
(1967), for example, might be analyzed. This method
uses an empirical correlation to calculate V. and T, and
then the Redlich-Kwong equation of state to calculate Pe.
If one then uses the Prausnitz and Chueh (1968) method
or any other method to carry out vapor-liquid phase be-
havior calculations, there is no assurance whatsoever that
the predicted critical point will be consistent with the
predicted phase envelope. This follows because the two
predictions are basically independent of each other. On
occasion these methods may also lead to completely er-
roneous results. For example, some systems containing
high concentrations of nonhydrocarbons, like hydrogen
sultide, may not have a vapor-liquid critical point. How-
ever, generalized or empirical correlations, even if they will
handle this type of system at all, would never be able to
detect the fact that the upper dew point locus was ter-
minated by the appearance of another liquid rather than
by a critical point.

These examples simply serve to emphasize the fact that
there are always advantages, both in terms of reliability
and economics, in being able to carry out all fluid prop-
erty calculations based on a single thermodynamic relation-
ship between P, V, and T. For these reasons, it was felt
worthwhile to reassess the practicability of the method
based on the rigorous thermodynamic approach and a suit-
able equation of state for determining the critical state of
multicomponent systems,

The theory relating to the critical state of mixtures was
formulated by Willard Gibbs (1928) exactly one century
ago; however, since that time only a few limited attempts
have been made to utilize the defining equations in con-
junction with equations of state to obtain quantitative re-
sults. It is probably because of the apparent complexity of
the defining equations that previous attempts were limited
to applications to binary systems (Joffe and Zudkevich,
1967; Spear et al., 1969; and Hissong and Kay, 1970) and
more recently by Spear et al. (1971) to ternary mixtures.
Another key reason is that until recently no simple equa-
tion of state that satisfactorily predicts the critical condi-
tion for most pure substances of interest to the hydrocarbon
processing or producing industry has been formulated.

In the one paper dealing with the application of the
rigorous method to ternary mixtures, Spear et al. (1971)
specified temperature and pressure and searched for the
critical composition of the ternary mixture in an jterative
manner. It is evident that their procedure cannot be ap-
plied to mixtures having more than three components be-
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cause then the number of independent unknown variables
would exceed the number of independent equations avail-
able. Furthermore, their method was based on the Redlich-
Kwong equation of state model which predicts a critical
compressibility factor of 0.333 for pure materials. This is
considerably higher than the true value for most substances
of interest to the petroleum industry, and therefore the
method can not be expected to yield quantitatively accept-
able results for hydrocarbon mixtures,

In this study, the rigorous critical state criterion enunci-
ated by Gibbs (1928) was used in conjunction with a re-
cently developed equation of state to find the critical prop-
erties of multicomponent mixtures,

EQUATION OF STATE

The equation of state (Peng and Robinson, 1976), used
tor this work has the form

__RT a(T)
" V—b V(V+b)+b(V-b)

For pure components, the parameters ¢ and b are ex-
pressed in terms of the critical properties and the acentric
ftactor:

P

(1)

a(T) = aca

ReT 2
e = 0.45724 —=

c

a2 =1+« (1 - T,%)
xk = 0.37464 + 1.542260 — 0.269920®

RT
b = 0.07780 —
P,
Equation (1) generates a universal critical compressibility
factor of 0.307 for pure substances, while most of the com-
pounds encountered by the hydrocarbon industry have
critical compressibility factors between about 0.25 and
0.30.
For mixtures, the parameters a and b are defined by the
mixing rules

a= 2 2 xix,-(l — Sij)ai’/zaj‘/'
i E]

b= 2 xibi

1

where §; is an empirically determined interaction coefli-
cient characterizing the binary formed by component i and
component §.

From Equation (1) the molar Helmholtz free energy
can be constructed as

wRT a 1 ( V + 2.414b )
- n
V—b 2828b V — 0.414b

A = RT x;In
>

+ f: ) 5Cnt dT - Tf: > xig’T”iidT—RT (2)

It can readily be seen that Equations (1) and (2) satisfy
the thermodynamic equation of state

CRITICAL STATE CRITERION

The rigorous thermodynamic definition of the critical
state of an n-component mixture as given by Gibbs (1528)
involves two simple mathematical expressions. These are in
the form of the following two determinants:
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G 92G ?G
ax12 ax16x2 ) ’ ) 3x16xn—1
2G 2G 3G
U= - v . —— | (4)
0x%9% 487622 0x20%,—1
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axn_laxl ‘6xn_16x2 ' ) ’ Bx,,_lz
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aU U au
axy 0%y ) ' ' Ixp—1
G 02G G
M=e=|—m—— — ... — (5)
9x29xy T2 OX30%n—1
2G G a2G
0%n_10%; Op_10%s  8%p—1?

where the partial derivatives with respect to x; are obtained
at constant values of P, T, and x kot Both of these must
equal zero at the critical point,

It is understood in the above equations that G = G(T, P,
Xy, X3, - .., Xn—1). To make Equations (4) and (5) suit-
able for use with a pressure explicit equation of state, it
was necessary to express the partial derivatives of the molar
Gibbs free energy in terms of partial derivatives of the
molar Helmholtz free energy and partial derivatives of
pressure through transformation of the independent vari-
ables.

From the fundamental thermodynamic relation

G=A+4+ PV (8)
one can readily obtain
( oP ( oP )
0 dx,

(22)-(28)
AR (31_?_ )
F1%

and
( 3G ) ( %A ) 1
- = +
0%;0%;0% 0x;0%;0Xx ( _EE_ )
oV
oP 9%P P 92P
[ ) () + ()
ox; ax,-axk 0x,— Ix10%;
( P ) %P ) ] 1
+ —
Iy 9%;0%; ( ﬁ_ )2
| 7
[ ( oP ) ( oP ) 2P )
0x; 0%; 9xxdV
( P ) ( P ) ( d%P
+ 0x; 0xx 9x;0V
() () (o) ]
+ 0Xk axi ax,-aV
oP )4 2P
JJC-BICPIC-RC
ax,- X a2V
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where it is understood that the independent variables on
the right-hand side of Equations (7) and (8) are T, V, 1,
X2, , and x,_;. When n equals 2, Equations (7) and
(8) reduce immediately to those given by Rowlinson
(1969) for a binary mixture. All of the partial derivatives
required in the above equations can be readily derived
from the pressure explicit equation of state. Consequently,
the two determinant equations take the final form

U(T,P) =0 (9)
M(T,P) =0 (10)

because, for a given mixture, the molar volume V is a func-
tion of temperature and pressure only.

CALCULATION METHOD

It is quite clear that Newton’s method can be utilized to
solve the simultaneous Equations (9) and (10) because
both U and M are deiined and continuously differentiable
throughout the entire physically meaningful (7, P) plane.
This can be done following standard procedures described
by Henrici (1964), and trom this we obtain

g (_‘9% )(”_ M@ (‘9_U )“’
TU+1) — T _ o /1 ; o /1 (11
M (_5&] )(r)— U (LM )(r)
T oT
P+l = P ot ‘e ; P (12)
where

( oU )m ( oM )(n ( oM )(r) (3(] )(r)

I oT 7 p P / ¢ 0T 7p M 0P/ ¢
Although it was possible to calculate the derivatives of the
determinants exactly from rigorous mathematical theory,
unfortunately it became infeasible when the number of
components reached the order of ten or more, This was
because for each iteration there were (n2 — 2n + 3) (2n
— 1) determinants of order n — 1 to be solved. For a ten-
component system, one would have to evaluate 1577
ninth-order determinants. To reduce the computing time
we calculated

(E)U) (aU) <8M) (BM)
s - N — , and —_—
oP /¢ oT /p P / oT /p
by numerical differentiation and evaluated -:—U ) ana-
X;

lytically. By this means the number of determinants was
reduced to 3 (n? — 2n + 3). The step sizes used in the
numerical differentiations were 10~¢ K and 10~2 kPa, re-
spectively. These were chosen because they were con-
sidered to be small enough to maintain the sense of the
derivatives and at the same time large enough not to cause
excessive roundoff errors during the computing process.

It is known that Newton’s method does not always
guarantee the convergence to the correct solution when
used to solve systems of nonlinear equations. The highly
nonlinear characteristics of U and M make them more vul-
nerable for divergence to occur. However, the iterative
procedure used in this study usually converged reliably
and was not unusually sensitive to the initial values chosen.
With error bounds of 0.01 K and 1 kPa for T and P, re-
spectively, the critical point could be found within twenty
iterations, although generally it could be obtained within
ten iterations when a reasonable initial value was used.
The computing time varied from approximately 0.02 s/
iteration for three-component systems to 0.7 s/iteration for
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twelve-component systems on an AMDHAL computer. The
computing time could be further reduced if Broyden’s
method (1965) were used to calculate the correction vec-
tors.

RESULTS AND DISCUSSION

Critical temperatures and critical pressures have been
calculated for a total of thirty-two multicomponent mix-
tures containing three or more components for which ex-
perimental critical properties were available. As shown in
Table 1, these mixtures included fourteen three-compo-
nent, seven four-component, six five-component, two six-
component, two seven-component, and one twelve-com-
ponent mixture, The compositions included paraffin hydro-
carbons from methane through n-decane, nitrogen, carbon
dioxide, and hydrogen sulfide. It is worth noting that the
reliability of the method for systems containing nonhydro-
carbons appears to be as good as it is for the pure hydro-
carbon mixtures. This is significant because many of the
existing empirical procedures do not provide at all for the
inclusion of carbon dioxide or hydrogen sulfide, both of
which are common components in reservoir fluids. Values
of the fitted binary interaction parameters 8;; required for
treating the nonhydrocarbon-hydrocarbon mixtures were
obtained from binary vapor-liquid equilibrium data by
matching the experimental bubble point curve with that
predicted from the equation.

When we consider that the range of compositions in-
cluded in the comparisons and the fact that there is over
a fourfold variation in critical pressure and almost a three-
fold variation in critical temperature, the agreement be-
tween experimental and predicted values is considered to
be remarkably good. Although the predicted critical tem-
peratures show a slightly positive bias, that is, an arithme-
tic average deviation of 4-1.14% compared to an absolute
average deviation of 1.31%, the predicted critical pres-
sures are almost uniformly distributed about the experi-
mental values, that is, an arithmetic average deviation of
+0.13% compared to an absolute average deviation of

T T T T
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450 14000
s
o
-

400 12000 ¢
[VE]
[« 4
=)
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[V2}
w

350 10000 o
[+

300 8000
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200 L —L —L L 4000

0 02 04 0.6 08 10

FRACTION MIXTURE - A

Fig. 1. Critical states for synthetic five-component mixtures.
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TABLE 2. CoMPOSITION OF SYsTEMs USED TO PREPARE THE

030k /ﬁ SERIES OF MIXTURES FOR WHICH THE CRITICAL STATES ARE
L A Reid and Sherwood {1966} REPRESENTED 1N FIGURE 1
®  Olds et ol {1949) e
r' Peng - Robinson Equation / |
| — = $-R-K Eauation / _ System A System B
i ] Component mole fraction mole fraction
L3
025~ =
Methane 0.156 0.762
} Ethane 0.111 0.152
- Propane 0.108 0.058
) 7 n-pentane 0.246 0.022
2 B n-heptane 0.379 0.006
v 020 .
o i
-
S _

0.15

04 0.6
MOLE FRACTION N-BUTANE

Fig. 2. Critical volumes of mixtures of carbon dioxide and n-butane.

2.33%. In view of the experimental difficulties involved in
determining the critical state, it is believed that the relia-
bility of the predictions is comparable to that of the ex-
perimental data.

Many hydrocarbon mixtures have a critical locus which
is characterized by a simple continuous curve when pro-
jected onto a P-T plane. When plotted on a T-x plane, the
critical locus for these systems exhibits a critical tempera-
ture which varies monotonically with composition. On the
other hand, the critical pressure, when represented on a
P-x plane, usually exhibits a maximum which is greater
than the critical pressure for either pure component. This
phenomenon has been observed and systematically studied
for many binary systems. There seems to be a lack of in-
formation based on a similar study for any multicomponent
system, However, the methods for predicting the critical
state developed in this work can be used to develop the
multicomponent analogy of the binary critical locus. Fig-
ure 1 shows the predicted critical loct for a binary system
made from pure components that are each five-component
paraffin hydrocarbon mixtures, The composition of these
mixtures is given in Table 2. The critical loci represented
in the figure were obtained by calculating the critical state
for each of the five-component mixtures together with sev-

eral mixtures obtained by taking various proportions of
each original mixture.

It may be observed from the figure that the monotonic
variation in T, with composition and the maximum in P,
are similar to those obtained for true binaries. These pre-
dictions also emphasize the capability of the proposed
method for predicting critical temperatures over a wide
range in temperature and for predicting critical pressure
in systems where the critical state may occur at tempera-
tures either above or below the temperature corresponding
to the cricondenbar.

The primary objective of this paper is to demonstrate the
practicability of using an equation of state together with
the critical state criteria formulated by Gibbs to predict
the critical properties of multicomponent systems. How-
ever, even though other investigators have discussed the
use of the rigorous approach for predicting the critical
properties of binary mixtures, we considered it worthwhile
to illustrate the use of the Peng-Robinson (1976) equation
of state for one binary hydrocarbon-nonhydrocarbon sys-
tem. We chose the n-butane-carbon dioxide system for this
purpose, primarily because it had already been used as an
example by Spear et al. (1969). The experimental critical
temperatures, pressures, and volumes of five mixtures for
this system are presented in Table 3, together with the
values predicted by the Soave-Redlich-Kwong (Soave,
1972) and Peng-Robinson (1978) equations of state. The
critical volume values are also shown in Figure 2,

It will be noted that the prediction of critical tempera-
ture and pressure is good by both methods but that the
P-R predictions of critical volumes are better by a factor
of about 2 compared to the S-R-K predictions. This is to be
expected because of the improved critical compressibility
factor of the P-R model.

The above comparison for the n-butane-carbon dioxide
binary is typical of many comparisons that were made on
both hydrocarbon and nonhydrocarbon binary systems
from our equation of state. The predictions were at least
as good and usually better than those obtained from other
equations of state.

TaBLE 3. CRITICAL TEMPERATURES, PRESSURES, AND VOLUMES FOR THE n-BUTANE-CARBON DIOXIDE SYSTEM

Critical temperature Critical pressure Critical volulme
3 /kg-
Mole fraction K kpa m?/kg-mole
n-butane Exp. S-R-K P-R Exp. S-R-K P-R Exp. S-R-K P-R
0.1694 325.9 326.8 325.0 7908 7743 7628 0.1049 0.1358 0.1252
0.3334 351.7 356.3 353.8 8170 8150 8 090 0.1317 0.1579 0.1441
0.4984 3772 381.7 379.5 7 536 7 428 7439 0.1623 0.1914 0.1746
0.6740 398.8 401.5 400.2- 6281 6131 6159 0.1929 0.2316 0.2120
0.8273 412.3 414.3 413.6 5109 4973 4992 02172 0.2682 0.2465
Average error +2.9 412 —116 —139 +0.0352 +0.0187
Average % error 0.78 0.32 1.66 1.99 22.1 11.8
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NOTATION

molar Helmholtz free energy
attraction parameter

van der Waals covolume
heat capacity at constant pressure
molar Gibbs free energy
critical state determinant
number of components
pressure

gas constant

temperature

critical state determinant
molar volume

mo.e rraction

scaling factor

interaction coefficient
characterization constants
Pitzer’s acentric factor

€ xR R dORRTIZQANTS >
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Superscript
(r) = r'hiteration
@ = ideal gas state

Subscripts

[ = critical property

i, j, k = component identifications
o = reference state
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A Group Contribution

Molecular Model

of Liquids and Solutions

A group contribution molecular model is developed for the thermo-

TOMOSHIGE NITTA

dynamic properties of polar and nonpolar liquids and their solutions, in-

cluding energy of vaporization, pVT relations, excess properties, and ac-
tivity coefficients. The model is based on the cell theory in which the re-
pulsive forces of molecules are expressed with a modified cell partition
function derived from the Carnahan-Starling equation of state for hard
spheres. The attractive forces are made up of group pair interaction con-
tributions. Group and interaction properties have been determined for
methyl, methylene, hydroxyl, and carbonyl. Extensive comparisons are
made of predictions of the model with data for pure liquids and their solu-

tions.
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SCOPE

The objective of this work is twofold:
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Chao. T. Nitta is with Osaka University, Japan.
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1. To develop a comprehensive theory of group con-
tribution for the estimation of various thermodynamic
properties of polar and nonpolar liquids and their solu-
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